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■ Abstract. We study the problem of the rigorous derivation of one-dimensional mod- 

£\j ' els for a thin curved beam starting from three-dimensional nonlinear elasticity. We 

describe the limiting models obtained for different scalings of the energy. In particu- 
lar, we prove that the limit functional corresponding to higher scalings coincides with 
the one derived by dimension reduction starting from linearized elasticity. 
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1. Introduction 



One of the main problems in nonlinear elasticity is to understand the relation between the three- 
dimensional theory and lower dimensional models for thin structures. In the classical approach 
these theories are usually deduced via formal asymptotic expansions or adding extra assumptions 
on the kinematics of the three-dimensional deformations (see, e.g., [2]). Recently the problem of 
' the rigorous derivation of lower dimensional theories has been studied using a variational approach, 

CNJ i which is based on the analysis of the limit of the 3D elastic energy in the sense of T-convergence. 

The first result in this direction is due to E. Acerbi, G. Buttazzo and D. Percivale (see [1]), 
who deduced a nonlinear model for elastic strings by means of a 3D-1D dimension reduction. 
The two-dimensional analogue was studied by H. Le Dret and A. Raoult who derived a nonlinear 
model for planar membranes (see [9]) and for shell membranes (see [10]). The more delicate case 
of plates was justified more recently by G. Friesecke, R.D. James and S. Muller in [4], while the 
case of shells was treated in [5] . For a complete survey on plate theories we refer to [6] . 

Concerning the derivation of one-dimensional models, the study of straight rods in the nonlinear 
case has been performed by M.G. Mora, S. Muller (see [11], [12]) and, independently, by O. Pantz 
(see [14]). In all the previous results, the different limiting models correspond to different scalings 
of the 3D energy in terms of the parameter describing the thickness in the case of plates and the 
diameter of the cross-section in the case of rods. 

In this paper we deal with the case of a thin curved heterogeneous beam made of a hyperelastic 
material. This is a sequel to a previous work, where lower scalings of the energy were considered 
(see [15]). 

In the following we shall denote by SI the set (0, L) x D, where L > and D is a bounded 
Lipschitz domain in K 2 . Given h > 0, we shall consider a beam, whose reference configuration is 
given by 

S\ := { 7 ( s ) + / l £z, 2 ( s ) + /j<>3( s ) : ( S ,£,C) E SI}, 

where 7 : (0, L) — > R 3 is a smooth simple curve describing the mid-fiber of the beam, and v%, 1/3 : 
(0, L) — > R 3 are two smooth vectors such that {7', v%, z/3} provides an orthonormal frame along the 
curve. We denote with t the unit vector 7' tangent to the curve 7. We notice that the cross-section 
of the beam is constant along 7 and is given by the set hD. A natural parametrization of Sl/j is 
given by 

:fi->fi h) (s,£,C) »j(s) + h£v 2 (s)+h<;v 3 (s), 
which is one-to-one for h small enough. 
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The starting point of the variational approach is the elastic energy per unit cross-section 

: = ^2 J. W((*W)-\x),Vy(x))dx 

of a deformation y e W 1,2 (h h ;R 3 ). The stored energy density W : tt x M 3x3 — > [0, +00] is 
required to satisfy some natural properties: 

• W is frame indifferent: W(z,i£F) = W(z,F) for a.c. z E 0, every F e M 3x3 , and every 
i?G 50(3); 

• W(z, F) > Cdist 2 (F, 50(3)) for a.e. z E n and every F E M 3x3 ; 

• W(z, R) = for a.e. z e and every R E 50(3). 

For the complete list of assumptions on W we refer to Section 2. 

The goal is to provide a description of the asymptotic behaviour of I^ h \ as h — > 0, by means of 
T-convergence (see [3] for a comprehensive introduction to T-convergence) . 

In [15] we studied the case of energies 1^ of order hP with f3 E [0, 2]. We proved that, as for 
straight beams, energies of order 1 correspond to stretching and shearing deformations, leading to 
a string theory as F-limit, while energies of order h 2 correspond to bending flexures and torsions 
keeping the mid-fiber unextended, leading to a rod theory as r-limit. This last result has been 
obtained also by P. Seppecher and C. Pideri in [17], independently. Finally, in [15] it was also 
shown that the r-limit of h~^I^ with (3 E (0, 2) provides a degenerate model. 

In this paper we consider the scalings h@ with (3 > 2. More precisely, we prove that if the energy 
jC*) is of order h 4 , then the corresponding relevant deformations are close to a rigid motion, so 
that the r-limit describes a partially linearized model. This result generalizes to the case of curved 
rods what was proved in [12] for straight rods. Furthermore, we show that the scalings (3 > 4 
lead to the linearized theory for rods, while the scalings (3 E (2,4) correspond to a constrained 
linearized theory which is the analogous, in the one-dimensional case, of the von Karman theory 
for plates (see [6]). We want to underline that for the intermediate scalings (3 E (2,4) a more 
delicate analysis is required in order to prove the result, as in the corresponding case in [6]. 

We first present a compactness result for sequences of deformations having equiboundcd energies 
h -0j(h) with p > 2 (Theorem 3.3). More precisely, we prove that if (j/W) < ch 13 , (3 > 2, then 
there exist some constants E 50(3) such that — > R and, up to subsequences, 

V((i? (/l) ) T y ( ' l) ) o tfCO -» Id strongly in L 2 (fl;M 3x3 ). 

In other words, up to a rigid motion, the deformations converge to the identity. This naturally 
leads to introduce a new sequence of scaled deformations Y^ h \ given by (RW) y( h ) o (up 
to an additive constant) and to study the deviation of Y^> from ty( h \ To this aim, we define the 
scaled averaged displacement 

vih) ( s ) ■= f D (YW(8,Z,Q-& h \a,Z,Q)dZdt 
and the twist angle of the cross-section 



where (J,(D) := J D (£ 2 + £ 2 ) d£d(. Finally, we introduce a function u^ h \ which measures the 
extension of the mid-fiber and is given by 



,(h) 



(s) := 



I (J D d s (Y {h H Sl t0- V (h) (a, t, 0) • r{a) d£ d() da if 2 < (3 < 4, 
^ Is ( Id 9s ^ ( s ^>0-y (h) (s, 0) ' r{a) d() da if (3 > 4, 



where su E (0, L) is chosen in such a way that has zero average on (0, L). 

In Theorem 3.3 it is then shown that, up to subsequences, the following convergence properties 
are satisfied: 
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• v^l v strongly in W^ 2 ((0, L); R 3 ), for some v € W 2 > 2 ((0, L); R 3 ) with v' ■ r = 0; 

• ujC 1 ' io weakly in VK 1,2 (0, L), for some to e VK 1,2 (0, L); 

• uC 1 ) u weakly in W 1,2 (0, L), for some u G W 1 ' 2 ^, L). 

In Theorems 4.4 and 5.1 the T-limit of the functionals [i^ 1 /h 13 ), for (3 > 4, is identified. 
In the case (3 = 4 we show that it is an integral functional depending on u, v and w, of the form 

h(u, v, ™)~\J Q° (s, u' + ^ ((«' • ^ 2 ) 2 + («' • ^ 3 ) 2 ) , B' + 2 akw(i^i^B)) da, 

where B e W 1,2 ((0, L); M 3x3 ) denotes the matrix 

(0 —v' ■ v 2 —v' ■ v z \ 
v'-v 2 -w (1.1) 

v' ■ 1/3 w y 

and Q° is a quadratic form arising from a minimization problem involving the quadratic form of 
linearized elasticity (see (4.2)). 

If p > 4 the limit functional is fully linearized and it is given by 

Ip{u,v,w) :=l f Q°(s,u',B' + 2skw(R^R' B))ds, 
* Jo 

where B and Q° are defined as before. We notice that Ip coincides with the functional obtained 
by dimension reduction starting from linearized elasticity (see Remark 4.2). 

Finally, in the case (3 £ (2,4), it turns out that v and u arc linked by the following nonlinear 
constraint: 

u 1 = -\{{v' -U2) 2 + {v' -uzf). (1.2) 

Therefore, the function u is completely determined, once v is known, and hence the limit functional 
depends on v and w only. More precisely, it is given by 

If)(v,w) :=\ [ Q(s,B' + 2skw(R r R' B))ds, 
2 Jo 

where B is defined as in (1.1) and Q is obtained by minimizing the quadratic form Q° with respect 
to its second argument (see (4.3)). 

The last section of the paper is devoted to the extension of the previous results to the case of 
a thin ring. In other words, the mid-fiber of the beam is assumed to be a closed curve in R 3 . We 
prove that in this case the limiting functionals are finite only on the class of triples (u, v,w) such 
that v and w satisfy the periodic boundary conditions v (0) = v(L) and w(0) = w(L) (see Theorem 

6.1) . Moreover, on this class the T-limits coincide with the previous functionals Ip (see Theorem 

6.2) . 

2. NOTATIONS AND FORMULATION OF THE PROBLEM 

In this section we describe the geometry of the unstressed curved beam. Let 7 : [0, L] — > R 3 
be a simple regular curve of class C 3 parametrized by the arc-length and let r = 7' be its unit 
tangent vector. We assume that there exists an orthonormal frame of class C 2 along the curve. 
More precisely, we assume that there exists R € C 2 ([0, L]; M 3x3 ) such that Rq(s) e 50(3) for 
every s <G [0, L] and Rq(s) e\ = r(s) for every s e [0, L], where e^, for i = 1,2, 3, denotes the i-th 
vector of the canonical basis of R 3 and 50(3) = {R e M 3x3 : R T R = Id, det R = l}. We set 

u k (s) := Ro(s) e k , for k = 2, 3. 

We can introduce three scalar functions g, k 2 and fc 3 in O 1 ([0, L} ) such that 

t'(s) = k 2 {s) v 2 (s) + k 3 (s) 1/3 (s), 

v' 2 (s)= - k 2 (s)r(s) + g(s)v 3 (s), 

u' 3 (s)= -k 3 (s)T(s)-g(s)u 2 (s). (2.1) 
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Note that the curvature of 7 can be easily recognized as y/k% + k% and the torsion of 7 as g + 
k 2 k' 3 - k 3 k' 2 



^2 + ^3 



Let D C K 2 be a bounded open connected set with Lipschitz boundary such that 

£C«*£dC = (2.2) 



D 

and 

/ £d£dC = / CdCdC = 0, (2.3) 

where (£, C) stands for the coordinates of a generic point of D. Without loss of generality, we can 

also assume C 2 (D) = 1. We set ft := (0, L) x D. 

The reference configuration of the thin beam is given by 

where h is a small positive parameter. Clearly the curve 7 and the set D represent the mid-fiber 
and the cross-section of the beam, respectively. The set £lh is parametrized by the C 2 map 

which is one-to-one for h small enough. 

We assume that the thin beam is made of a hyperelastic material whose stored energy density 
W : x M 3x3 — > [0, +00] is a Caratheodory function satisfying the following hypotheses: 

(i) there exists S > such that the function F W(z, F) is of class C 2 on the set 
{F £ M 3x3 : dist(F,50(3)) < 5} for a.e. ze!!; 

(ii) the second derivative d 2 W/dF 2 is a Caratheodory function on the set 

Q x {F e M 3x3 : dist(F, 50(3)) < 5} 
and there exists a constant Ci > such that 
d 2 W , 

aF 2 " 

and every G e — sym , 

(iii) W is frame indifferent, i.e., W(z,RF) = W(z,F) for a.e. z £ 0, every F e M 3x3 and 



-(*,F)[G,G] 



< Ci| G r for a.e. ze!!, every Fwith dist(F, SO (3)) < 5 

3x3 . 



every R e 50(3); 

(iv) VK(z, i?) = for every i? e 50(3); 

(v) 3 C 2 > independent of z such that W(z,F) > C 2 dist 2 (F,SO(3)) for a.e. z € H and 
every F £ M 3x3 . 

Notice that, since we do not require any growth condition from above, W is allowed to assume the 
value +00 outside a neighborhood of the set (??). Therefore our treatment covers the physically 
relevant case in which W = +00 for dct F < 0, W — > +00 as det F — > + . 

Let y e W 1,2 (f2/,;R 3 ) be a deformation of 0^. The elastic energy per unit cross-section 
associated to y is defined by 



~ lih) iv)--=h I W((*W) \x),Vy(x))dx. 



We conclude this section by analysing some properties of the map ty( h \ which will be useful in 
the sequel. We will use the following notation: for any function z £ W 1,2 (f2;R 3 ) we set 

1 



V h z := d. 



h** 



We observe that V/^^ can be written as the sum of the rotation R and a perturbation of 
order h, that is, 

V h *< fc > (s, £, C) = Ro(s) + h(£ v' 2 {s) + ( i/ 3 (s)) ® ei. (2.4) 
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From this fact it follows that, as h —> 0, 

V ft * (/l) (s,C,C) -» Ro(s) and dct (V h ^ (h) ) -» 1 = deti? uniformly. (2.5) 

This implies that for ft, small enough Wh^^ is invertible at each point of fl. Since the inverse of 
Vh^^ can be written as 

{Vn^y 1 ( S ,^,0 = -hRZ(s) [ ,/ 2 (8) + Cu' 3 ( S )) ® r(s)] + 0(ft 2 ) (2.6) 

with 0(h 2 )/h 2 uniformly bounded, (V/^^) 1 converges to Rq uniformly. 

3. Compactness results 

In this section we study the compactness properties of sequences of deformations having energy 
/CO G f 0T( \er w ith > 2. For notational convenience we prefer to write (3 > 2 as 2a — 2 with 
a > 2. The main ingredient in the proof is the following rigidity result, proved by G. Friesecke, 
R.D. James and S. Muller in [4]. 

Theorem 3.1. Let U be a bounded Lipschitz domain inR n , n>2. Then there exists a constant 
C(U) with the following property: for every v e W 1,2 (U] R") there is an associated rotation 
R G SO(n) such that 

||V« - R\\ LHU) < C{U) ||dist(Vw, SO(n))\\ L2(u) . 

Remark 3.2. The constant C(U) is invariant under uniform scaling of the domain; moreover it 
can be chosen independent of U for a family of sets that are Bilipschitz images of a cube (with 
uniform Lipschitz constants), as remarked in [5]. 

Before stating the compactness theorem, let us introduce some sequences which will be widely 
used in the sequel. Given a sequence of deformations yCO : fl — > R 3 , we consider the functions 
«W : (0, L) -» R 3 , tuW.uW : (0, L) -» R, defined as 

vih) ( s )--=J^2 J (YW(s,Z,<;)-* {h Hs,Z,<;))dtdC, (3.1) 

w(h) ( s ) : =^T (j^D) J D (YW{8,t,Q-& h \8,Z,Q) ■ -C , (3.2) 

S (Y^ (s,i,Q-^ {h \s, 0) • r(a) d£ d() da if 2 < a < 3, 

(yW^^O-f^f^.O)'^) dedc)do- if «>3, 

(3.3) 

where e (0, L) is chosen in such a way that it CO h as zer0 average on (0, L) and (J,(D) := 

j D (e + c 2 )dzdc 

Notice that is the averaged displacement associated with the deformation Y^ h \ The func- 
tion describes the twist of the cross-section. Finally, uCO is related to the tangential compo- 
nent of the displacement. More precisely, up to a suitable scaling, its derivative (uC 1 )) coincides 
with the average on the cross-section D of the tangential divergence of Y^ — \IjC0. 

We are now in a position to prove the compactness result. 

Theorem 3.3. Let (y^) C W 1 - 2 (Vl h ; R 3 ) be a sequence verifying 

_L_ jW(yW)< c <+oo (3.4) 



1 



uW(s) := 



ft2(a-2) 
1 
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for every h > 0. Then there exist an associated sequence RS h ' C C°°((0, L); M 3x3 ) and constants 
e 50(3), e K 3 sucA f/iai, i/toe de/me := (RW) T o #C0 - c^, we /iaue 

i? (h) (s) e 50(3) /or every s G (0,1,), (3.5) 

ll^-^ll^co^ < C*- 8 , ||(i? (,l) )'|| L2(0 , L) < Ch°-*, (3.6) 

||V h yW(V h *W) _1 -iiW|| LJ1(n) <Ch a ~\ (3.7) 

Moreover, defining v^ h \ and as in (3.1), (3.2) and (3.3), we have that, up to subse- 

quences, the following properties are satisfied: 

(a) v^^v strongly in W^ 2 ({0, L):R 3 ), with v <G W 2 ' 2 ((0, L);M?) and v' ■ t = 0; 

(b) -± w weakly in W 1,2 (0,L); 
' -» u strongly in W 1,2 (0, L) if 2 < a < 3, 

U C0 -a u weakly in W 1<2 (0, L) if a > 3. 

In addition, for 2 < a < 3 the function u satisfies the following constraint: 

l((v'-v2) 2 + (v'-v 3 ) 2 ); (3.8) 



(c) 



u = — - 



(d) (V,^' 1 ) (VfctfW) 1 - Id)/h a - 2 -» 4 strong in L 2 (ft;M 3x3 ) ; where ^e mafra; 4 e 
iy 1 ' 2 ((0,L);M 3x3 ) zs given by 

I = /?,, | i/ • i/ 2 - t | /?/, : (3.!)) 




(e) - Id) /h a ~ 2 A weakly in W 1 ' 2 ^, L); M 3x3 ); 

(f) sym(RW - Id) lh 2i - a - 2 ^ -» A 2 /2 uniformly on (0, L). 

Proof. Let (y^) be a sequence in W 1 ' 2 (fl/ l ; R 3 ) satisfying (3.4); using the change of variables 
*W and the fact that det(V*W) = h 2 dct(V, l *( /l '), this estimate becomes 

J W(s, £, C, VyW o *W) dct (V fc *W)ds d£ dC < c 

The coercivity assumption (v) and (2.5) imply that 



^-2 / dist 2 (\7y^ o¥ h \SO(3))dsd^d(<c. 
a in 



A 2 "- 2 

5iep -7: Construction of the approximating sequence of rotations. 
As in the proof of the compactness result in [11] and [15], the key tool is the rigidity theorem 
3.1. The idea is to divide the domain fi/, in small curved cylinders, which are images of homotetic 
straight cylinders through the same Bilipschitz function. Then, we can apply the rigidity theorem 
to each small curved cylinder with the same constant. In this way we construct a sequence of 
piccewise constant rotations Q^ h > : [0, L] — ► 50(3) satisfying the estimate 



/ 



|VyW o tf( fc ) - QW\ dsd£d( < ch 2a - 2 . (3.10) 

in 

We include the details for the convenience of the reader. For every small enough h > 0, let Kh € N 



satisfy h < < 2 h. For every a e [0, L) n N, define the segments 



S a 



(a,a + 2h) if a < L - 
(L — 2 h, L) otherwise. 
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Now consider the cylinders C a ,h ■= S a _K h x D and the subsets of flh defined by C a .h ^^ h \C a ,h)- 
Remark that C a ,h is a Bilipschitz image of a cube of size h, that is (a, 0, 0) + h ((0, 2)xD), through 
the map <J/ defined as 

*: [0,L] xl 2 ^l 3 , (s,y 2 ,y 3 ) ^ 7 (s) + y 2 ^(s) + y 3 v 3 {s). 
By Theorem 3.1 we obtain that there exists a constant rotation such that 

/ \Vy (h) -Qi h) \ 2 dx <c [ dist 2 {Vy (h \SO{3))dx. (3.11) 

Jc a , h 

In particular, since ^^((a, a + ■£-) xf) C C^/j, we get 

/ „ \ JVy^-gi' l )| 2 dx<c / dist 2 (VyW,50(3))cix. (3.12) 

J*W((a,o+^)xDj JC a , h 

Changing variables in the integral on the left-hand side, inequality (3.12) becomes 

f \Vy (h) -Qi h) \ 2 dct(v¥ h) )dsd^dC<c I dist 2 (Vy (/l) , SO (3)) 

<c / W((*W)~ 1 (x),Vi/ ( ' ,) (a;))d!c. 
Notice that det (V*^)) = h 2 det (VfctfW) and, since det (V h ^ {h) ) -» 1 uniformly, 

/ |Vy ( ' l) o*W-QW| 2 d S ^dC< 7^ / ^((* w ) _1 (x),Vy (/l) (x))dx. (3.13) 

J(a,a+-ji-)xD ^ JC a , h 

Now define the map Q( h ) : [0, L) -> 50(3) given by 

Q < fc > (a) := Q W for a e [a, a + A) , e [ , L)n| N . 

Summing (3.13) over a G [0, L) fl N leads to 

/* |VsfWo*W-QW| 2 d8dedC< ^ / W A ((* (/l) ) _1 (x),Vy(' l )(a;))da ; 
Jn h Jn h 

for a suitable constant independent of h. By (3.4) we obtain exactly (3.10). 

A similar argument as in the proof of [12, Theorem 2.2] shows that for every s e (h,L — h) and 
every \S\ < h 

\Q W (s + 5)- Q {h) (s)\ 2 < ch 2a -\ (3.14) 
and that for every V CC (0, L) and every 5 e R with |5| < dist(7', {0, Z,}) 

\Q (h \s + 6)- Q^(s)\ 2 ds < ch 2{a - 2 \\5\ + h) 2 , (3.15) 

with c independent of I' and <5. Now, let r\ e Co°(0, 1) be such that r\ > 0, and J Q 77(f) dt = 1. We 
set ?/' l )(i) := and we define, as in the proof of [12, Theorem 2.2], 

Q< h > (a) := / 7?^ (f )Q (/l) (s - i) dt, s e [0, L] , 
Jo 

where we have extended out of (0, L) putting Q( h )(s) := Q ( ' l) (0) for s < and QW(s) := 
QW(L) for s> L. 

By (3.14) and (3.15) it easily follows that, for every h > 0, 

I - I L W) < c fc Q-1 > 1 1 L 2(0 ,l) < c ^~ 2 > ( 3 - 16 ) 

||Q ( ' l) -Q ( ' l) ||^ (0:L) <c/i 2a - 3 . (3.17) 

In particular, estimates (3.10) and (3.16) yield 

||Vsf (h) o*W-QW|| ^c^"- 1 . (3.18) 
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Let 7r : U —> SO (3) be a smooth projection from a neighborhood U of SO (3) onto 50(3). From 
(3.17) it is clear that the functions Q( h ~> take values in U for h small enough; therefore, we can define 
R {h) := tt(QW). Since \\{R (h) )' \\ L 2 {<d L) < C h a ~ 2 by (3.16), using Sobolcv-Poincarc inequality 
we deduce 

\\ R(h) - pW IU (0 ,,) ^ m {h) )'\\mo, L) < c ^ 2 > ( 3 - 19 ) 

where P^ is the mean value of over (0,L). This implies that 

dist (P( h \ SO (3)) < ch a - 2 , 

so there exists a sequence of constant rotations (RW) such that | P^ - < c/i a ~ 2 . By this 

and (3.19) we get 

\\R h) -& h) \\ L ao (0tL) < \ \rW - P W\\ Lao ^ L) + \pW - rW\ <ch a - 2 . 

Finally, define i?^ := (RW) T RW; this sequence is of class C°° and satisfies (3.5) and (3.6). 
Moreover, from (3.18) we obtain 

\\v((R w ) T y w ) °y (h) - RW \\ L 2 (Si ) < Cffea_1 - ( 3 - 2 °) 

Let g K 3 be the average of the function (R ( -V) T j/CO o *C0 - *C0 on ft and let us define the 

sequence F^) := (_RCO) T j/CO o *C0 - c (h) . Then we can write (3.20) in terms of V h F (,l) and we 
get 

\\V h Y^ (Vh^y 1 - R^\\ L2(n) < C h a -\ (3.21) 

which is exactly (3.7). 

Step 2: Definition of the matrix A. 
As in the case of a straight rod treated in [12], we consider the sequence 

defined as 

which converges uniformly and weakly in W 1 ' 2 to a matrix A g M /1 ' 2 ((0, L); M 3x3 ). This is exactly 
property (e). Since R^ g 50(3), we have 

A (h) + ( A (h)y = _ ha -2 (3.22) 

Passing to the limit as h — > 0, we deduce that ^4 is skew-symmetric. Moreover, after division by 
2h a - 2 in (3.22), we get 

1 A 2 

fe 2(a-2) ( R(h) ~* — unifoml y, 

so property (f) follows. The convergence of the sequence A^ h \ together with the estimate (3.7), 
imply that 

(Vfcr (fc) (Vfc* (h) ) _1 - Id) -» A strongly in L 2 (ft;M 3x3 ). (3.23) 

5tep 5: Identification of A via limiting deformations v and w. 
Now we characterize the elements of A in terms of some limiting deformations. By (2.5) and (3.23) 
we get 

^2 ^h{Y {h) - -> Ai? strongly in L 2 (ft;M 3x3 ), (3.24) 

so, in particular, 

^Z2-5 8 (yW _ $C0) _» At strongly in i 2 (ft;K 3 ). (3.25) 

Let be the sequence introduced in (3.1). By the choice of c^ h \ it has zero average on (0,L) 
and by (3.25) its derivative converges strongly in L 2 ((0, L);R 3 ) to At. Therefore, by Poincare 
inequality, there exists a function v g py 1 ' 2 ((0, L); R 3 ) such that 

v {h) -> v strongly in VF^ 2 ((0, L); R 3 ). 
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Moreover, by (3.25) we obtain that v' = At. As A belongs to W 1,2 ((0, L); M 3x3 ) and is skew- 
symmetric, we deduce that v £ W 2 ' 2 ((0, L);R 3 ) and v' ■ r = 0. Then (a) is proved. 
Considering the second and the third columns in (3.24) we have 

^=i^(r (h) - -» Av 2 and ^i T a ( (yP , )-#)^i 1 / 3 strongly in L 2 (f7;M 3 ). 

(3.26) 

If we apply Poincare inequality to the function — on D, we get 

1 1 y W _ * W _ {YW _ * W)d 1 1 2 ^ < c (| | ^ _ * W) \\ 2 l2(d) + 1 1 dc{ Y^ - *W) ||' 2(Z3) ) 

(3.27) 

for a.c. s £ (0,L), where (yW - f(' l )) D (s) := J D (yW - #C0) d£dC Integrating both sides 
of (3.27) with respect to s, we obtain that the sequence (yW - tfW - (Y^ - ^) D )/h a ~ 1 is 
bounded in L 2 (f2;IR 3 ); moreover, (3.26) yields that there exists a function q £ L 2 ((0, L); R 3 ) such 
that 

-^(YW-*W-(YW-*W) D )^£Av2 + CAvs + q strongly in L 2 (Q;R 3 ). (3.28) 
Let be the sequence defined in (3.2). Thanks to (2.3), it can be rewritten as 

w {h) = -f^i-^J D ( Yih) - ( Yih) * ih) ) D ) ■ (^ 3 - C^)d^dC (3.29) 

From this expression it is clear that, using (3.28), 

™ {h) ^™ = -FT^[ ($Av2 + CAv3)-(£v3-Cv2)d£d£=(Av2)-V3 (3.30) 
f J, \ L> ) Jd 

strongly in L 2 (0, L), where the last equality follows from (2.2) and from the fact that A is skew- 
symmetric. It remains to show that the convergence in (3.30) is actually weak in M /1:2 (0, L). To 
this aim it is enough to verify the boundedness of the derivative of in the L 2 - norm. We get 

For the last integral on the right-hand side of (3.31) the required bound can be proved using the 
convergence in (3.28), arguing in a similar way to (3.29)-(3.30). For the first integral notice that 

J d.(YW - *W) ■ (^3 - C V2) dtdC^jJ^j^ (d.Y™ - R^dM h) ) ■ (£ »z ~ C V2) dt d( 

+ h^ T L ( R(h)dsXS,(h) ~ ' ( ^ 3 _ C V2) ^ dC 

In virtue of (3.21) and (2.5), the first term on right-hand side is bounded in L 2 , hence it remains 
to control the L 2 -norm of the second integral. Now, using (2.4), we have 

f (RWd a *W - 0,*< h >) ■ - C vi) di d( = h [ UrW - Id) (£ v> 2 + C • (^ 3 - C vi) di d(. 
Jd J d 1 J 

The required bound follows from (3.6), hence (b) is shown. 

As A is skew-symmetric and At — v', (A v 2 ) ■ v% = w, we conclude that 



R 1 AR = \ v'-v 2 



v ■ vz 




which gives (3.9). 

Step 4-' Convergence of the sequence (u^). 
Let (u^) be the sequence defined in (3.3). 
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Consider first the case 2 < a < 3. It is easy to verify that its derivative is bounded in L 2 (0, L). 
Indeed, 

+ ^2) j D (R {h) ds* ih) dM h) ) -TdZdC 

Since a < 3, the first term converges to zero strongly in L 2 by (2.5) and (3.21). As for the second 
term, using (2.4), the fact that is independent of £ and £ and (2.3), we have 



h 2 ( 



-^sym^W-^r-r. 



By property (f) this converges to (A 2 r) • r/2 uniformly on (0,L). As has zero average, by 
Poincare inequality we deduce that converges to u strongly in W 1 ' 2 , where u satisfies 



2 



A 

2 J 2 



l((v'-v 2 f + (v'-v 3 ) 2 ). (3.32) 

In the case a > 3 the derivative of (w^) can be written as 

(«(*))'= _L / (^y^-^^vl/C 1 )) .r^dC+Ti T sym(i?(' l )-/rf)r.r. 
h a J D h a 

The first term is bounded in L 2 (0, L) by (2.5) and (3.21), while the second term converges to zero 
uniformly by (f). 

This concludes the proof of (c) and of the theorem. □ 

4. LlMINF INEQUALITIES 

In this section we will show a lower bound for the energy (/W) /h,( 2a ~ 2 \ for all the scalings a > 2, 
and we will describe the limiting functionals. 

Let Q 3 : ft x M 3x3 — ► [0, +oo) be twice the quadratic form of linearized elasticity, i.e., 

Qs(z,G):=^-(z,Id)[G,G] (4.1) 



for every z e ft and every G € M 3x3 . Let Q° :(0,L)xRx M 3 *^ [0, +oo) and Q : (0,L) x 
M 3x3 jo, +oo) be defined as 

Q°(s,t,F):= min / Q 3 ( a, C, #o (V f £ * ex fl^W) dfdC (4.2) 



and 



Q(s,F):=minQ°(s,t,F) ) (4.3) 



respectively. For u,u> e W 1,2 (0, L) and u e VF 2 ' 2 ((0, L); R 3 ) we introduce the functionals 

2 r 



I a (u,v,w) := 



O (s, U ' + i((t;'-^) 2 + (i;'-^) 2 ),S' + 2skw«i 1 '[ ) B)) ( i S if a = 3, 

^ / Q°(s,u', J B' + 2skw( J R^ J Ro J B))ds if a > 3, 

2 Jo 

(4.4) 

and, for 2 < a < 3, 

I a {v,w):=lf Q(s, B' + 2skw(i?J R' B))ds, (4.5) 
2 Jo 
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where B e VK 1,2 ((0, L); M 3x3 ) denotes the matrix 

/ -v' ■ v 2 
B := \ v' ■ v 2 -w | . (4.6) 

y v' ■ v-i w 

Remark 4.1. It is easy to see that the minimum in (4.2) is attained, it is unique and it can be 
computed on the subspace 

V:={^^(D;R 3 ) : f ifid^dQ = 0, J <p ■ (<>2 - ^3) = o}, (4.7) 

(see [12, Remark 4.1]). Moreover the minimizer ip depends linearly on the data £ and F. More 
precisely, if £ € L 2 (0,L) and F e L 2 ((Q, L); M 3 *^), then denoting with ^(s, •) G V the solution 
of the problem (4.2) with data t(s) and F(s), we have that if <G L 2 (£1;R 3 ) and also d^(p,d^(f € 
i 2 (fi;M 3 ). Analogously, if £ solves (4.3), then £ depends linearly on F. So, if F & L 2 ((0, L); M 3 * e 3 J 
and £ is the solution to (4.3) corresponding to F(s), then t e L 2 (0, L). 

Remark 4.2. The limit functionals corresponding to the scalings 2 < a < 3 and a > 3 turn out to 
be linear. Notice that, in the case 2 < a < 3, the deformation it is completely determined by v in 
virtue of the constraint (3.8) in Theorem 3.3. This explains the reason why the T-limit obtained 
for this scaling does not depend on u. On the other hand, for a > 3, the function u is independent 
of v and w and the functional I a describing the one-dimensional problem coincides with the one 
obtained by dimension reduction, starting from 3D linearized elasticity (see [7], [8] and [16]). 
More precisely, if we assume in addition that the density W is homogeneous and isotropic, that 

is, 

W(F) = W{FR) for every R e SO(3), 
then the quadratic form Q 3 is given by 



Qs(G) = 2/i 



G + G T 



2 



A(trG) 5 



2 

for some constants \,fi e M. Since for all G € M 3x3 and R G 50(3) we have 

Q 3 (RGR T ) = Q 3 (G), 
by [11, Remark 3.5] formula (4.2) reduces to 

g0(M)F)= M3 A + 2 /z) {f2 + lA + +fiT F 2 3; (48) 

A + /X 

where ^3 = J D £ 2 d£ d£, I 2 = J D C 2 d£, d( and T is the so-called torsional rigidity, which depends on 
the section. Therefore by (4.8), (2.2) and (2.3) the limit functional reads as follows 

I a (u, V,W) = \ M3 x A ^ 2M) t ({n'f + hql + hql) ds +\ M T t q\ds, 
* A + M Jo ^ JO 

where 

<?i -=w' + k 2 (v ■ v 3 )' - k 3 (v ■ v 2 )' + g (k 2 (v ■ v 2 ) + k 3 (v ■ v 3 )), 

q 2 :=k 2 w - (v ■ v 3 )" -2g(v v 2 )' - (v ■ t) (gk 2 + k' 3 ) + (v ■ v 2 ) (k 2 k 3 + g') + (v ■ v 3 ) (g 2 - kj), 
q 3 :=k 3 w + (v ■ v 2 )" -2g(v v 3 )' - (v ■ r) (gk 3 - k' 2 ) - (v ■ v 2 ) (g 2 - k 2 ) + (v ■ v 3 ) (k 2 k 3 - g'). 

This is the functional derived in [7], [8] and [16], starting from linearized elasticity. 

Now we are ready to show a lower bound for the functionals h~ a I h with 2 < a < 3. 

Theorem 4.3 (Case 2 < a < 3). Let w e T4 /1 ' 2 (0,L) and let v e W 2 - 2 ((0, L);R 3 ) be such 
that v' ■ t = 0. Then, for every positive sequence (hj) converging to zero and every sequence 
(yOj)) £ VK 1,2 (r2ft 3 ;R 3 ) such that the sequence := y( h ^ o ty( h i) satisfies the properties (a), 

(b) and (d) of Theorem 3.3, it turns out that 

liminf-ij / w({¥ h ^y\x),Vy^\x))dx>I a {v,w), (4.9) 
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where I a is introduced in (4-5). 

Proof. In the following, we will write simply h instead of hj. Let (y^) be a sequence such that 
yCO : — y( h ) o ipC 1 ) satisfies the required assumptions. 

First step: lower bound for the energy. We can suppose that 

liminf-^ / w(j*W)~ 1 (x), Wy {h) {x))dx < c < + oo, 

otherwise (4.9) is trivial. Therefore, up to subsequences, (3.4) is satisfied. By Theorem 3.3 we get 
the existence of a sequence i?^) : [0, L] — ► 50(3) such that 

WVhY^iVh^y 1 - R {h) \\ L 2 {n) < ch a ~ x (4.10) 

and ijW -> Id uniformly. Define the functions G^ : ft -> M 3x3 as 

G ( ' l) : =JL((#)) r V / ,y (,l) (V^ ( ' ,) )" 1 -w). (4.11) 

By (4.10) they arc bounded in L 2 (ft;M 3x3 ), so there exists G e L 2 (ft;M 3x3 ) such that G^ G 
weakly in £ 2 (f7; M 3x3 ). We claim that 

liminf w(j*( h Y\x),W h \xj)dx > \ Q 3 (*,£, (, G)dsd£d(. (4.12) 

Performing the change of variables "J/^) and using the frame indifference of W, we have 



_L J_ '(x), V^dz - jf & C, Vy (h) o tfW) dot (V fc *< h >)<k d£ d( 

^^VK( S ,C,C,(V, i r ( ' l) )(V, l vl/W)- 1 )dct(V, l vl/W) rfs ^ dC . (4.13) 



h 2 

We introduce the functions 



X (h) («,€.C) == 



1 if |G(' l )(s,^,C)| < h 2 - a , 
otherwise. 



From the boundedness of G^ 1 ) in L 2 (£l; M 3x3 ) we get that \^ - * 1 boundedly in measure, so 
that 

x (h) G (h)^ G W eakly in L 2 (fi;M 3x3 ). (4.14) 
By expanding W around the identity, we obtain that for every (s, £, Q £ ft and A e M 3x3 

W(a, tXJd + A)= 1 -^ (a, £, Q,Id + t A) [A, A], 

where < t < 1 depends on the point (s, £, £) and on A. By (4.13) and by the definition of G^ 
we have 



L /w (y (h) ) = J w ( s > s> c, w + r- 1 gW) dot (v h *w)ds dc 

^ (a, £, C, Id + h*- 1 t(h) GW) [G^ , G W] J dct (V h *< h >)<k d£ dC, 



/i 2 

> 



fr 2 
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where < t(h) < 1 depends on (s, £, () and on G^ h K For the last integral in the previous formula 
we have that 

J X W (0 (s, 6 C, Id + h"- 1 t(h) G(") ) [G^ , G< h >] ) dot (V h *<">) d* d£ dC = 

j a X [h) (0 (s, C, Jd + ft"" 1 *(/») (?(">) [G<"> , G^] - Q 3 C, GW)) det(V^W)rf S d^C 

+ / Qs^CCx^G^detCV^WjdsdedC- (4-15) 

Notice that the second integral is lower semicontinuous with respect to the weak topology of 
L 2 ; so, the claim follows from (4.14), once we prove that the first term in (4.15) can be neglected 
for h small enough. To this aim, we apply Scorza-Dragoni theorem to the function d 2 W/dF 2 and 
we have that there exists a compact set K C ft such that the function d 2 W/dF 2 restricted to 
K x Bs(Id) is continuous, hence uniformly continuous, and the measure of \ K is small. Since 
h a ~ x t(h) x- h ' G^ h > is uniformly small for h small enough, for every e > we have 

\ J/ h) (|J (*> ^ C, Id + h*- 1 t{h) GW) [G<"), GW] - Q 3 (s, £, C, dct (V h *< h > d£ dC 

> - £ - [ x (h) \G {h) \ 2 dct (V h ¥ h 1)dsd!;d(>-Ce 

for h small enough. Hence, being e arbitrary, (4.12) is proved. 

Since, by frame indifference, the quadratic form Q 3 depends only on the symmetric part of G, 
we obtain the bound 

hminf jT M/((v]/W)- 1 (x),Vy(' l )(x))d a; > \ Q 3 (s, £, (, G)ds d£ d(, (4.16) 

where G denotes the symmetric part of G. 

Second step: identification of G. In order to identify G, we first notice that, since RS h > — > Id 
uniformly, 

= JL(v h yW(v fc *w) _1 - - g 

weakly in £ 2 (£l;M 3x3 ); moreover, by (2.5), 

In particular, considering the second and the third columns in (4.17) we get 

RWGWvi = -Lfl £ (yC0 - J2( fc )*W) = JL (^yCO _ fcflW^) - G^ 2 

and 

rWqW^ = ±_ 9c (yW - flCOtfCO) = JL (a c yw - - G^- 

Let us define the functions : SI — > M 3 as 

^ ( s > := ^ (y W - h £ i? ( ' l V 2 - ft C . 
Easy computations show that 

hence d ( (3^ and 5 c /3^) are bounded in L 2 (Q). By Poincare inequality, this implies that 

m h) -&\i Hn) < c (\\d^w 2 L2{n) + iM< fc >ik (n) ) < c , 

where /^(s) := f D ^(s^X) d£d(. Therefore, there exists a function /? e L 2 (fi;M 3 ) such that 
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From (4.18), as h — > 0, we get 

Giv 2 =d ( f3 and Gv 3 ^d c [3. 
Considering the first columns in (4.17) we have 

R W G W da yW = _L_(o sY W - RWd a *W) - Gr. 



(4.20) 
(4.21) 



Using (2.4) and the definitions of (3^ and (3^ h \ we can write 



= *W {h) + 7^2 (R (h) )'(Z»2 + C'*) + f^i J ( d ' Y(h) - r[h)t ) ^ 



(4.22) 
(4.23) 



By (4.19) it follows that 

hd s p {h) -» weakly in W _1 ' 2 (fl; M 3 ). 
Moreover, from (4.10), it turns out that there exists g <G L 2 ((0, L);M. 3 ) such that 

-4r / (d s Y^ - R^t) d(d( = [ (d,YW -RWd a *W)d£dt->>g (4.24) 

weakly in L 2 ((0, L); M 3 ). Passing to the limit in (4.22) and using (4.21), (4.24), (4.23), and property 
(e) of Theorem 3.3, we obtain 

GT = A'(Zv2 + Cv 3 )+g. (4.25) 
Finally, by (4.20) and (4.25) we have that 



d c (3 









M \ ) 


+ g 











As sym (RqG Rq) = RqG Ro, we deduce that 



R^GRo = aym\R^A' Rq[ £ 



dt/3 



where := Rq (3 and g := R^g. If we define ip := j3 + £ (g ■ e 2 ) ei + C (d ' e 3) e ii we obtain the 
expression 

/ / \ 



RZGRo = sym\R 1 A' R \^ £ J +(g-e 1 )e 1 



(4.26) 



Now, let us rewrite the previous expression in terms of the matrix B defined in (4.6), noticing 
that A = R BRq. It turns out that 



A' — R'qBRq + RqB'Rq + RoB^Rq^J , 



hence 



RqA' Ro — Rq R[)B + B' + B^Rq) Rq. 
Since B is skew-symmetric, we deduce 

RlA' R Q = B' + 2skw(R^R' a B). 
Using this identity in (4.26) we have 





(4.27) 



RTGR q = sym MB' + 2 skw(i?^B)) £ +(ff-e 1 )e 1 



Finally, as 



c 



g ■ ei = {Rig) ■ ei = g ■ (i? ei) = g • r, 



9^ 
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we conclude that 









(!) 


+ (g ■ t) e\ 


dt<p 









d cV . (4.28) 



Third step: description of the limit functional. Since <p(s,-) G W 1,2 {D; R 3 ) for a.e. s G (0, L), 
using (4.16), (4.28) and the definition of Q, we obtain exactly (4.9). □ 

It remains to show the lower bound for the functional h~ a I h with a > 3. 

Theorem 4.4 (Case a > 3). Let u,w e W^ 2 (0,L) and let v e W 2 ' 2 ((0, L);R 3 ) be such that 
v' ■ t = 0. Then, for every positive sequence (hj) converging to zero and every sequence (y^ h ^) C 
W 1 ' 2 {yi hj ; R 3 ) such that the sequence := y( h ^ o ty( h j) satisfies the properties (a)-(d) of 

Theorem 3.3, it turns out that 

liminf-^r / W^(¥ h ^y 1 (x),\7y ( - h ^(x)^dx>I a (u,v,w), (4.29) 



7— *oo . . 

3 



h 2a '= 



where I a is defined as in (4-4) ■ 

Proof. We can repeat exactly what we did in the first two steps of the proof of Theorem 4.3. At 
this point, let us distinguish the cases a = 3 and a > 3. 
Case a — 3. 

Starting from (4.24), we can identify the tangential component of g. Indeed, observe that, if we 
write 

[ (a s r ( ' l) - R {h) T) -Td^d(= [ d s (Y^ H) - *(' 1 )) -Td^d(- [ (R {k) T - T) ■ T <K, 

Jd Jd Jd 

by the definition of (tj)' 1 )) we get 

^ (d s Y^ R^r) -rd^C = -J^tJ d (R {h) r r) ■ rd^. (4.30) 

If we let h — > in (4.30) we obtain, from (4.24) and in virtue of property (f) in Theorem 3.3, 

g-T = u' -^(A 2 t) -t. (4.31) 

Notice that, using the explicit expression of A given in (3.9), we have 

\(A 2 t)-t = - 1 -((v'- V2 ) 2 + (v'- V ,) 2 ). (4.32) 

Now, by (4. 26), (4. 31) and (4.32), we can write the expression of G in this case, which turns to be 





d C <fi Ro- 



G = Ro S ym(^B' + 2skw(RTR' B))^ £ ^ + (u' + ±((v' ■ v 2 ) 2 + (v' ■ v 3 ) 2 )^j e x 

(4.33) 

Since ip(s, •) £ W 1,2 (D; R 3 ) for a.e. s e (0, L), using the definition of Q° the bound (4.16) becomes, 
as we claimed, 

lirninf J_ W^(^)~ 1 {x),Vy w (x)^dx > I 3 (u,v,w), 

with I 3 defined in (4.4). 
Case a > 3. 

If we let h — > in (4.30) we obtain from (4.24) and in virtue of property (f) in Theorem 3.3, 

g ■ t = u'. 

In fact, being a > 3, it turns out that a — 1 < 2(a — 2), so 

sym(i?(' 1 ) - Id) /h - 1 -» uniformly on (0, L). 
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Now we can write down the expression of G for a > 3, that is 



?T TV 



(4.34) 



Since tp(s,-) e M /1 ' 2 (_D; R 3 ) for a.c. s e (0,L), using (4.16), (4.34) and the definition of Q°, we 
obtain exactly (4.29), as we claimed. □ 

5. Construction of the recovery sequences 

In this section we show that the lower bounds obtained in Theorems 4.3 and 4.4 are optimal. 
Also in this case the scalings 2 < a < 3 and a > 3 will be treated separately. However, we will 
first consider the higher scalings h a with a > 3, since as in in [6], the case 2 < a < 3 turns out to 
be very delicate and requires a more detailed analysis. 

5.1. Higher scaling. Let us consider the higher scalings of the energy, that is the case a > 3. 

Theorem 5.1 (Case a > 3). For every u,w <G VF 1,2 (0, L) and v e W 2 - 2 ({0, L); R 3 ) such that 
v' ■ t = there exists a sequence (y^) C W la {Q, h ; M 3x3 ) such that, setting := y^ o , 
we have 

(i) (VfcyW(Vh#W) _1 -Id)/h a - 2 -> A strongly in L 2 (ft;M 3x3 ); 

(ii) uCO -> v strongly m M /1 ' 2 ((0, L); R 3 ); 

(iii) wC 1 ' w wea% in W 1 ' 2 ^,!,); 

(iv) uW u weaA% in T4 /1 ' 2 (0,L), 

where A, and are defined as in (3.9), (3.1), (3.3) and (3.2). Moreover, 

limsup-^ / ^((^W)- 1 ^)^^^))^^/^^,^^), (5.1) 
w/iere 7 Q is defined in (4-4)- 

Proof. As first step we assume to deal with more regular functions; more precisely, we require that 
u,w € C^O.L] and v e C 2 ([0, £]; R 3 ). 

As in [12], let us define the functions 72, 73, k) 1 ^ : [0, L] — > R 3 in the following way: 



72(s) 
73(s) 



= 2 w («' • 1*) ei + (w 2 + (1/ • ^ 2 ) 2 ) e 2 + (1/ • v 2 ) («' ■ ^3) e 3) (5.2) 
= - 2 io (u' • z/ 2 ) ei + (v' ■ v 2 ) {v' ■ 1/3) e 2 + (w 2 + («' • ^ 3 ) 2 ) e 3 , (5.3) 
= {l-h£k 2 -h(k 3 )T, (5.4) 



where &2 and fc 3 are the scalar functions defined in (2.1). Finally, let ip € C 1 (ri;R 3 ) and let 
: Q -» R 3 be 

^ s ^ ^ . = I #o(sM«,£,C) - ^C-Ro(s)72(s) - ^C#o(s)73(«) if a = 3, 
\ JJo(«M*,e,0 if a>3. 

For every h > consider the function : ft — > R 3 defined as 

= * CO + /j«-2 v + h a-i u K (h) + h a-i£ Av 2 + h a - 1 (Ais 3 + h a (3, (5.6) 

where the matrix A is defined as in (3.9). 

Let us compute the scaled gradient of the deformation Y^ h \ First of all notice that Vh/c^ = 
(t' I - (t' -v 2 )t \ - (r' • 1/3) t) + O(ft), and that 

(V I - (r' • v 2 ) t I - (r' • 1/3) r) = (r' ® r - r ® r') J2q. (5.7) 



(5i 
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Hence, the scaled gradient turns to be 

V h yW = V h ¥ h 1 + h a - 2 AR + h a - 1 (^AR )'(^ C^j + u't drf d c pj + 

+ h"- 1 u(t' ®t-t®t') R + 0(h a ). 
So we have that, by (2.6), 

jj^ (V fc *W) _1 - Jd) = A + 0(h) 

and this proves (i). Now remark that, if we define as in (3.1), we have, using (2.3), 

t)W =H/itiT|/i 2 / /3d£d(, 
Jd 

so also (ii) follows. For the sequence defined as in (3.2) we get, by (2.2) and (2.3), 

wih) = -j^J ^ A ^ + CAv3 + h0)-^us-C^)d^dC 
= {Av 2 )- Vi + 0{h), 

which is exactly w, up to a perturbation of order h. This proves (iii). 
Moreover, if we define as in (3.3) we have 



MY 



h 



(v'-t + hu' + h 2 d s f3 - T )d^dC = u' + h d s (3 -Td£d( 



D 



(5.9) 



D 



hence the convergence property in (iv) is also proved. 

Once all these properties are satisfied, we can show (5.1). Using (2.6) and (5.8) we have 



:= V h Y^ (V/,tf 1 = Id + h a ~ 2 (^A + hu' t (g> t + h (^A' R (^ Z^J 

+ h^u^' ®T-T®T')+0{h a ). (5.10) 
Using the identity (Id + B T )(Id + B) = Id + 2 symB + B T B, we obtain for the nonlinear strain 





(Z (h Yz (h) =Id+ 2h a - 1 sym^A' R Q (^ £ ^ 

+ h 2 (a -2) A T A + ( h 2( a -2)^ 



d € (3 



d c f3 i?o I + 2h ° i ~ 1 u't®t 



(5.11) 



where o(/i 7 )/ft. 7 — > uniformly as h — > 0. 

Now, let us distinguish the cases a = 3 and a > 3. 
Case a = 3. 

Notice that if we specify a = 3 in (5.11), all the terms are of the same order with respect to h, 
that is of order 2. Taking the square root we have that 



1/2 



( Z wy z w =n + h 2 G + o(h 3 ), 



(5.12) 



where 



G := u't <g> t + sym ^ ^A' i? ^ £ 



d ( f3 Rl - 



A 2 
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In order to write G in a more useful way, notice that, by (3.9), 
/ / \ 



G — i?o 



svm (/,•,!. 1' /.'«,( L j + [ u >+'L(( v >.v 2 f + ( v >.v 3 f)\e 1 



c 



ds(RTf3) 



d c (R%P) 



R 



w(v'-vs) —w{v'-u 2 ) 

w (v' ■ v 3 ) w 2 + (v' ■ h> 2 ) 2 (v' ■ v 2 ) (v' ■ v 3 ) 
-io (v' ■ v 2 ) (v' ■ v 2 ) (v' ■ u 3 ) w 2 + (v' ■ v 3 ) 2 
We can rewrite (5.13) in terms of ip and B, using (4.27) and (5.5), as 
/ / 

Ro (b' 



o • 



R(\ 



(5.13) 



G = sym 



+ 2skw(/ 1 ' ( ' i n; ) B)){ t, ) [u'+ l -{{v'-v 2 ) 2 + (v'-v 3 f))e 1 



c 



d ( <p R\ 



From the frame-indifference of the energy density W , since dct(X7 h Y^)(\7 h y<- h )) > for 
sufficiently small h, we have 

w (s, z, c, zW) = w(s, e, c, [(zWfzW] 1/2 ) . 

Thus, by (5.12) and Taylor expansion, we obtain 

^W{s,^,C,Z^) -> 1q 3 ( s ,£,C,G) a.e., 

and 

^ £, C, < \ 7 I G | 2 + C h < C (| B | 4 + | B'\ 2 + | 9^ | 2 + | 8 c p | 2 + | uf + l) e L^fi). 
Set := o (ifC 1 )) - ; by the dominated convergence theorem we get the following equality: 
limsup-^ / w({¥ h Y\x),Vy ( - h \x))dx=]- I Q 3 (s,t(,G) ds d£ d(. (5.14) 

Consider the general case. Let u, w € W 1,2 (0, L) and u e VK 2 < 2 ((0, L); R 3 ). Let <p(s, •) e V be 
the solution of the minimum problem (4.2) defining Q°, with t := v! + ^ ((«' • /^) 2 + («' ■ ^3) 2 ) and 
F := £>' + 2 skw(i?Q i?Qi3) , where -B is introduced in (4.6). As we have already noticed in Remark 
4.1, ip and its derivatives with respect to £ and £ belong to L 2 (fi;M 3 ). 

Now, we can smoothly approximate u, w in the strong topology of W 1 ' 2 , v in the strong topology 
of W 2 ' 2 , and ip, d^p and d^ip in the strong topology of L 2 . Since the approximating sequences 
satisfy (5.14), and the right-hand side of (5.14) is continuous with respect to the mentioned 
topologies, we conclude that (5.14) holds also in the general case. Hence, using the minimality of 
ip, we obtain (5.1). 

Case a > 3. 

In this case, in the expression (5.11), the term of order 2(q — 2) in h can be neglected, since 
2(a — 2) > a — 1 when a > 3. Hence we can write 



( Z (fc)) r z (fc) =Id+2 h a - x sym (^A'R ^l^j 



d 6 P 



d c (3 \Ro ) + 2h a - L u'T®T + o(h a - L ) 



where o(/i 7 )/ft. 7 — > uniformly as /i — > 0. Taking the square root we have that 



[z^fz 



(h) 



1/2 



= Id + h^G + o^- 1 ), 



(5.15) 



where 



G :=u'T<g>T + sym ^ ^A' i? ^ £ 



d e 



d ( p r t 
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We can rewrite G in terms of ip and B as 



G = sym 



Ro ( (b' 









))(jpw el 













From the frame- indifference of the energy density W, since det(V h Y^)(V h ^) > for 
sufficiently small h, we have 

w{ s ^z^) = wUuA{ z(h) ) Tz(h) ] 1/2X 



thus, by (5.15) and Taylor expansion, we obtain 

W(a, £, C, Z^) -> i Q 3 (s, C, G) a.e., 

and 

1 ^W( S ,Z,(,ZW) < ^\G\ 2 + Ch<C(\B'\ 2 + \B\ 2 + \d^\ 2 + \d c p\ 2 + \uf + l)eL\n). 

Set ■- o ; by the dominated convergence theorem we get the following equality: 

limsup ^ ^ w((*W)- 1 (a;), VyW(x)) dx = 1 jf Q 3 (s, £, C, G) ds^dC- (5.16) 

Consider the general case. Let u,w G W 1 ' 2 ^, L) and u e VF 2 ' 2 ((0, L); R 3 ). Let <p(s, •) € V be 
the solution of the minimum problem (4.2) defining Q°, with t := u' and F 1 := B' + 2 skw (Rq R' Q B^J , 
where B is defined as in (4.6). It is easy to show that (5.16) remains true, following the same 
approximation arguments used in the previous step. Hence, using the minimality of <p, we obtain 
(5.1). □ 

5.2. Intermediate scaling. We now consider the scalings h a with 2 < a < 3. As in [6], this case 
turns out to be very delicate and requires a detailed analysis. 

Theorem 5.2 (Case 2 < a < 3). For every w e W^ 2 {Q,L) and w e VF 2 < 2 ((0, L); R 3 ) sucft t/ia/ 
u' • r = tftere exists a sequence (y^) C W 1)2 (fi/,;M 3x3 ) swc/i f/iai, setting := o VJ/CO, 
we Aave 

(i) ((V h yW)(Vfc*W) _1 -Jd)//i a - 2 -»i4 strong in i 2 (tt;M 3x3 ); 

(ii) -> w strongly m W 1,2 ((0, L); R 3 ); 

(iii) it/' 1 ) — 1 to weakly in W 1,2 (0,L), 

with A, and defined as in (3.9), (3.1) and (3.2). Moreover 

l imsup _L / T^((*W)" 1 (x),VyC l )(x))dx</ Q ( V , W ), (5.17) 
w/iere I a is introduced in (4-5). 

Proof. As in Theorem 5.1, we preliminarly assume that w £ C 1 [0, L] and v <G C 2 ([0, F];R 3 ). Let 
g € C°[0,F] and 95 e C^OjR 3 ). Denote by /3 the function /3(s,£,C) := Ro(s)ip(s, £, C) and by 5 a 
primitive of the function g. 

Define the functions 72,73,^) as in the proof of Theorem 5.1. Finally define the function 
ueC 1 [0, L] as a primitive of 

In analogy with the cases a > 3, one could make the ansatz 

yW = CO + h a - 2 v + h a -^ Av 2 + h a - 1 (Av 3 + (h 2ia -^u + h^g) K W + 

-^ (2a " 3) fio(e72 + C73)+^- (5.18) 
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Hence, by (5.7) the scaled gradient of the deformation is 



V h yW= V h ¥^ + h a - 2 AR + h a - 1 (^AR )'(^ t ^ 



d c (3 + h a - L gT® ei + 



+ {h 2{ - a -^u + h^g) (V ® r - t ® r') i? + ^ /* 2( "~ 2) i?o (2«'ei| - 72 | - 7a) + o(fe Q - 1 ). 

(5.19) 



Now, using (2.6) and (5.19) we have 



Z {h) := V fc y (fc) (V fc * (fc) ) 1 = /rf + ^-^ + Zi"" 1 ^4'i? ^ e ^ 



+ (h 2 ^u + h^S) (t' ® t -t®t')+ 1 - h 2 ^ R (2u'ei| - 72 | - 7s) < + o^ 1 ). 

(5.20) 

This procedure leads to the desired conclusion for a > 5/2, but our ansatz cannot work for a 
close to 2. Indeed, for a > 5/2, using the identity (Id + P T )(Id + P) = Id + 2 symP + P T P, and 
noticing that some of the matrices on the right-hand side of (5.20) are skew-symmetric, we obtain 
for the nonlinear strain 



(Z^) T Z (h) =Id+ 2h a - 1 sym ^Ja' R ^ £ 



dt/3 



d i l3)Rl) + 2h 



a-l 



gr ® r 



+ h 2(a -VR (sym (2 u' ei | - 72 | - 7s)) #o + h 2 ( a ~ 2 ^ A T A + o^ 1 ) 
Moreover, using (3.9) and our definition of u, 72 and 73, we have that 



1/2 



(5.21) 
(5.22) 



where 







G := g t <g> r + sym ^ ^4/ i? ^ £ 

As in Theorem 5.1, the frame- indifference of the energy density W and the dominated convergence 
theorem give the following equality: 

1 



limsup 

h^o h 2 ' 



■ J_ 1 (x),Vy( h \x))dx = ^^Q 3 (s,Z,(,G)dsdtd(, (5.23) 

and the general case can be proved by approximation. Then, using the minimality assumptions 
on g and ip, we obtain (5.17) and so the claim. 

Unfortunately, this procedure fails for a close to 2, since in that case terms of order /i 4 (" -2 ) 
appear in the expression of the nonlinear strain [Z^) Z^ h \ and they cannot be absorbed in 
o{h a - v ). 

Therefore, in the spirit of the proof of [6, Theorem 6.2], we modify the ansatz (5.18) in order 
to get an exact isometry. Let us define for every h > 0, the sequence 



y(>0 



Jo 



{R e r) da + h^R £ v 2 + KR e v 3 + h a f3, 



(5.24) 



where R e :— e sA , with A defined as in (3.9), and e := h a ~ 2 . Notice that, due to the fact that A 
is skew-symmetric, the matrix R e turns out to be a rotation. 
The scaled gradient of the deformation is given by 



h a - z d c (i +0(h a ). (5.25) 









WD 




h a 
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Now, using (2.4), the expression (5.25) becomes 
and hence, by (2.6) we have 



h a - 2 d c p + o(h a ), 



:= V^W(V^W)- 1 = R e + h {r!, Ro ^ 
/ / 



h a - 2 d 6 f3 



h a - 2 d c p )R 1 +o{h a - 1 ) 



/? I Id + h^R T £ R' £ R a y £ 



h a - 2 d e (RT(3) 



h a - 2 d ( (Ril3) \R* +o(h a - 1 ). (5.26) 



Now notice that, by definition, the rotation R e verifies the identities: 

R e {s) =Id + eA{s) + o{e), R' e {s) = e f e^-^ eA ^A'(s) e aeA{s Ua. 
Therefore we have in particular 

RTR' £ =eA' + o(e). 
Hence, using (5.27) and the fact that e = h a ~ 2 , (5.26) simplifies as follows 



= R £ ( Id + ^A' Rq ^ £ 



d ( P]R 1 +o(h a -'). 



Thus, using frame indifference, we obtain 

i=j w(s, fl c, zW) = ^JL_ €> c, (i? e ) T z^) 

1 



<33(s,C,C,G) a.e., 



and proceeding as before we get the desired claim. 



(5.27) 



□ 



6. The case of a closed thin beam 

It appears natural to ask whether the same analysis that we have developed so far can be 
extended to the case of a thin rod whose mid-fiber is a closed curve. In this section we will show 
that this additional requirement imposes a restriction on the class of admissible limit deformations, 
while the expression of the limiting functional is not affected by this constraint. 

Throughout this section we will assume a = 3 for simplicity, but the results can be easily 
extended to the other cases. 

The setting of the problem is exactly the same as before. The additional assumptions are 



7 (0) = 7 (L), 7 '(0) = i{L) and u k (0) = v k {L)M k = 2,3. 



(6.1) 



Notice that, from (6.1) it easily follows that #W(0,£,C) = * W ( L ^.C) for every (£,C) G D. 

Now we will state and prove a compactness result which allows to identify the domain of the 
r-limit. 



Theorem 6.1. Let (y^) C W 1 - 2 (ilh] R 3 ) be a sequence verifying 

^l {h \y (h) )<c<+^ 



(6.2) 
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for every h > 0. Then there exist an associated sequence BS h ' C C°°((0, L); M 3x3 ) and constants 
e 50(3), e K 3 such that, if we define Y^> := (R<-V) T o #C0 - c^, we Aave 

(s) e 50(3) /or even/ s e (0, L), (6.3) 

ll^ <h) - Jd ILoo (0>i) < Cft, ||(i? (,l) )'|| L2(0iL) < Ch, (6.4) 

W^hY^^H^y 1 - R^\\ L2(n) <Ch 2 , (6.5) 

|i2W(0)-i2W(L)|<c/i 3 / 2 . (6.6) 

Moreover, defining v^ h \ and as in (3.1), (3.2) and (3.3), we have that, up to subse- 

quences, the following properties are satisfied: 

(a) -> v strongly in W 1,2 ((0, L); M 3 ); moreover, v G W 2 > 2 ((0, L); K 3 ), v' ■ t = 0, v(0) = 
v(L), and v'(0) = v'(L); 

(b) w weakly in T4 7l ' 2 (0, L), with w(0) = w(L); 

(c) u weakly in W 1,2 (0, L); 

(d) (V h YW (V h *W) _1 - Jd)//i -» A strong in L 2 (ft;M 3x3 ), w/iere rnafrer 4 e 
VK^ 2 ((0,L);M 3x3 ) is denned in (3.9); 

(e) - Id)/h A weakly in VF 1 ' 2 ((0, L); M 3x3 ); 

(f) sym(RW - Id) /h 2 -> A 2 /2 uniformly on (0, L). 

Proof. The argument follows the proof of Proposition 4.1 in [13], but we will include the details 
for the convenience of the reader. As in the proof of Theorem 3.3, the rigidity theorem provides 
the existence of a sequence of piecewise constant rotations : (0, L) — > 5*0(3) such that, for 
every small cylinder C ai h we have 

/ | Vtf (h) - Q (h) \ 2 dx < c f dist 2 : (Vy (h \SO(3))dx. 

Changing variables, the previous inequality becomes 

f \Vy w o*W -QW\ 2 dsd{d( <c [ dist 2 (Vy ( ' l) o tf( fc ), SO(3))dsd£d(. 

J {a.a+-^-)xD J (a,a+-£-)xD 

(6.7) 

Let us define Q : = Q^(0). If we specify the relation for a = we have 

/ \Vy w o&V -Q\ 2 dsd{d( <c [ dist 2 (Vy w o tfW, SO(3))dsd£ d(. (6.8) 

j (°.i) xD %ifr) xB 

(6.9) 

In order to establish (6.6), we start from the trace inequality 

f \v(0,Z,() -v\ 2 dtd(<c I \Vv\ 2 dsd£d(, 
Jd J(o,i)xD 

which holds uniformly for 1 < I < 2, with v — J D v(0, £, () d£ d(. If we write this estimate for 

v(s, C) := \ (y w o *W) (to, c, C) - I Q* {h) (hs, £, C), 
we obtain the following relation: 

f (yW o ^ - Q*W) (0, £,C) - / o - Q*< h >) (0, £, C) ^ ^ d( 

JD JD 

<ch [ \V h (y (h) o&V) -QV h ^ {h) \ 2 dsd4d(. (6.10) 

J(0,lh)xD 
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d£d( < ch 5 . 



d£d( < ch 5 . 



Putting together (6.10) and (6.8) we have, after easy computations, 

f (»Wo$W) (o,£,0- / (y (h) o *W) (o,e,C)dedC-'» 0(^2(0) + c H»(0)) 

(6.11) 

In a similar way, if we define Q := Q {h) {L), we deduce 
/ (f o#)(L,a)- / (yWoH>W)(L,Z,()dlid<;-hQ(Zv 2 (L) + (v 3 (L)) 

J D J D 

(6.12) 

Now, subtracting (6.12) from (6.11) and taking into account (6.1), we obtain 

/ |[Q-Q](^2(0) + C^3(0))| 2 c^c<c/i 3 , 

J D 

which leads to 

\Q W {0) - Q {h \L)\ <ch 3 / 2 . (6.13) 

If we define the sequences and RW as in Theorem 3.3, it is easy to check that they also 
satisfy (6.13), hence (6.6) is proved. For the estimates (6.3), (6.4), and (6.5) we proceed exactly 
as in Theorem 3.3. 

Let us define the sequences v^ h \ and as in (3.1), (3.2) and (3.3). The convergence 
properties follow from Theorem 3.3. It remains only to verify the boundary conditions for the 
limiting functions v and w. Since 1^(0, £, C) = V W {L,£,() and 7W(0,^() = Y^(L,^,Q for 
every (£,£) € A we have by definition that v (h ^(0) = #'(L) and w^(0) = u>( h \L). Hence we 
directly obtain that v and w satisfy 

v(0)=v(L) and w(0) = w(L). (6.14) 

Now notice that, by definition, 

V h y< fc > (V fc *W) _1 = (R w ) T (VhV W ) o (6.15) 

Therefore, using (6.15) and the fact that tf( h )(0,£,C) = * (/l) ( L > for every (£,£) G D, we have 
in particular that 

h (CU ' C) ~ ji (i ' e ' C) 

for every (£, C) € The last relation, together with property (d), implies that A(0) = A(L). 
Hence v'(0) = v'(L) and so the proof is concluded. □ 

Now we are in a position to prove the T-convergence of the sequence (7^')//i 4 . As we have 
already noticed, the limit functional has the same expression as in (4.4), but the class of deforma- 
tions on which it is finite includes the boundary conditions. More precisely we have the following 
convergence result. 

Theorem 6.2. (1) Let u,w € VK^ 2 (0,L) and let v e W 2 ' 2 ((0, L); R 3 ) be such that v' ■ r = 0. 
Assume also that v and w satisfy the boundary conditions (6.14)- Then, for every positive sequence 
(hj) converging to zero and every sequence (y^ h ^) C W 1 ' 2 (Clh j ; M 3 ) such that the sequence Y^ 1 ^ := 
yi h i) o ^( h i) satisfies the properties (a)-(d) of Theorem 6.1, it turns out that 

lirninf JL / w((^ h ^)~ 1 {x),Vy (hi) {x)]dx>h{u,v,w), (6.16) 
>x h j Jn h . v 1 

where I3 is defined in (4-4)- 

(2) For every u,w G W 12 (0,L) and v € W 2 ' 2 ((0, L); K 3 ) satisfying the boundary conditions 
and such that v' ■ r = 0, there exists a sequence (y^) C W 1,2 {VLh', M 3x3 ) such that, setting 

Y (h) .- y(h) Q q(h) ) we haye 

(i) (WhY^iWh^y 1 - Id)/h^ A strongly in L 2 (ft;M 3x3 ); 
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(ii) -> v strongly in M /1 ' 2 ((0, L); R 3 ); 

(iii) — u> weakly in W 1 ' 2 {Q,L); 

(iv) mC 1 ' u weakly in W lt2 (0, L), 

where A, v^ h \ w {h) , and u^> are defined as in (3.9), (3.1), (3.2) and (3.3). Moreover, 

limsup-^ / w((#W) _1 (a;), Vy W (x))dx < I 3 (u,v,w), (6.17) 
h^o h, J nh \ ) 

where I 3 is defined in (4-4)- 

Proof. (1) The proof of this part can be done repeating exactly the proof of Theorem 4.4. 

(2) As in Theorem 5.2, we preliminarly assume that u,w £ C 1 [0,L] and v € C 2 ([0, L]; R 3 ). Let 

ip € C 1 ^; R 3 ) and define : Q -> R 3 as 0(s, £, Q := i? (s)^(s, £, C). 

Let 72, 73 and kC 1 ) be as in the proof of Theorem 5.2. For every ft, > let us consider a function 
tf(>0 e C^O.L] supported in [L - Vh,L], such that & h \L) = 1 and < Then let us 

define the function : Q -> R 3 as 

- *W + hv + fe 2 u «W + h 2 " (L) ~ " (0) a) r'(a) da-h(L- s) (g fc 2 + C fc 3 ) r) 

+ /i 2 ^^ 2 + ft 2 C^^3 + /i 3 /3 ( ' l) , 

where /3W(s,£,C) := 0(s, t C) + (s)(/3(0, £, C) - Z, C))- It turns out that the function yCO 
satisfies periodic boundary conditions in (0,L). Indeed, 

Y W(0, & C) = * W (0, £, + ft w(0) + ft 2 u(0) r(0) - ft 3 w(L) r(0)(£ fc 2 (0) + ( fc 3 (0))+ 

+ ft 2 ^(0) ^(0) + ft 2 C^(0) ^ 3 (0) + ft 3 /3((U, C), (6.18) 
and, using the assumptions (6.1) and (6.14), we have 

Y^(L,tC) = * W (0,Z,() + hv(0) + h 2 u(L)t(0) (1 - htk 2 (0) - h(k s (0))+ 

+ h 2 <L)- u({)) I (i _ a)r / ((T)rf(T + ^ j4(0)!y2(0) + /l 2 Cj4(0)!y3(0) + /l 3 /3(0) ^ c) _ (619) 
L Jo 

Now notice that, using r = 7' and 7(0) = 7(£), we have 



/ (L-o-)T , (o-)da = -LT(Q)+ r{a)da = -Lt(0). 
Jo Jo 

Plugging this equality into (6.19) we obtain 

Y^(L^X) = y {h) (0,t,C) + hv{0) + h 2 u{L)T{0) (1 -h£k 2 (0) - h{k 3 (0))+ 
- h 2 (u(L) - u(0)) t(0) + h 2 i A(0) v 2 {0) + h 2 ( A(0) u 3 {0) + h 3 0{O, £, Q (6.20) 

which is the same expression in (6.18). 

Moreover, the convergence properties (i)-(iv) can be deduced as in Theorem 5.1. For the scaled 
gradient of Y^ we have, using (5.7) 



V h Y^ = V h ¥^ + hAR + h 2 (^AR o y(^ £ ^ 



d c {h) 



+ h 2 (u + M(L) L M(0) (L - s)j {t'®t-t® t') Ro + h 3 8 s 0^ ®e 1 + 0(h 3 ), 

where \d s 0^ | < -£=. Now, since 0^ -» 0, d ( 0^ -» and d c w -» <9 c /3 strongly in £ 2 (f7; R 3 ), 
one can prove a convergence result like (5.14) and obtain the general case by approximation. □ 
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